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We discussthe static and dynamic multicritical behavior of three-dimensional systemsof O(nk ) �
O(n? ) symmetry as it is explained by the �eld theoretical renormalization group method. Whereas
the static renormalization group functions are currently known within high order expansions, we
show that an account of two loop contributions re�ned by an appropriate resummation technique
givesan accurate quantitativ e description of the multicritical behavior. One of the essential features
of the static multicritical behavior obtained already in two loop order for the interesting caseof an
antiferromagnet in a magnetic �eld (nk = 1, n? = 2) is the stabilit y of the biconical �xed point
and the neighborhood of the stabilit y border lines to the other �xed points leading to very small
transient exponents. We further pursue an analysis of dynamical multicritical behavior choosing
di�eren t forms of critical dynamics and calculating asymptotic and e�ectiv e dynamical exponents
within the minimal subtraction scheme.
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I. INTR ODUCTION

Among the milestone contributions of N. N. Bo-
golyubov that shaped modern theoretical physics one
de�nitely should mention his and D. N. Shirkov's work
on the renormalization group (RG) [1]. Three papers on
RG written in the mid-�fties by three di�eren t groups[2]
addressedquantum electrodynamicsproblems.However,
very soon their importancewasrealizedin � at �rst sight
� the very di�eren t �eld of phase transition and crit-
ical phenomena.It is generally recognizedby now that
the successin conceptualunderstandingand quantitativ e
description of behavior in the vicinit y of critical points
in di�eren t condensedmatter systems is due to the ef-
fective application of the RG ideasoriginating from the
above papers [3]. It is our pleasureto contribute to these
Proceedings1 by a short review of recent work done by
the application of the �eld theoretical RG approach to
the analysis of multicritical phenomena.

Multicritical points appear on phasediagrams of var-
ious systemsthat contain several phasetransition lines.
In the vicinit y of the meeting points of such lines
the multicritical behavior is observed, which is char-
acterized by competition of di�eren t types of order-
ing. Prominent examplesare given by the antiferromag-
nets in an external magnetic �eld like GdALO 3, MnF 2,
MnCl 24D2O, Mn2AS4 (A = Si or Ge) [4]. Other examples

are given by the layered cuprate antiferromagnets like
(Ca, La)14Cu24O41. Schematic phase diagrams of such
systems are shown in Fig. 1 in a H � T plane. There,
multicritical points of two di�eren t typesare manifested.
At a bicritic al point (Fig. 1a) three phasesare in coex-
istence, whereasfour phasescoexist in the tetracritical
point (Fig. 1b). On a more general level, the multicriti-
cal behavior is inherent to a critical system when some
�nonordering� �eld is applied. Such a �eld (alongsidethe
magnetic �eld H this may be pressure,stress,etc.) may
alter non-universalparametersof the systemand lead to
the appearanceof lines of phase transition points. Be-
sides the above example that concern the shift of the
N�eel point of anisotropic antiferromagnets by a uniform
magnetic �led, other examplesof multicritical behavior
are observed at a shift of the Curie points under applied
pressureor depressionof the � point in 4He at dilution
by 3He [5].

A �eld theoretic description of multicritical behav-
ior starts with a static e�ectiv e Hamiltonian for an n-
component �eld � = (� k ; � ? ) of O(nk ) � O(n? ) symme-
try (nk + n? = n). An account of the interaction between
the two order parameters � k and � ? leads to di�eren t
typesof multicritical behavior connectedwith the stable
�xed point (FP) found in the RG treatment [6� 11,14].
In particular, the bicritical point (Fig. 1a) hasbeencon-
nectedwith the stabilit y of the isotropic Heisenberg �xed

1The paper is based on the invited lecture given by one of us (R.F.) at the ConferenceStatphys'09 dedicated to the 100-th
anniversary of N. N. Bogolyubov (23.06�25.06.2009, Lviv, Ukraine)
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point of O(nk + n? ) symmetry, whereasthe tetracritical
point (Fig. 1b) corresponds to a FP of O(nk ) � O(n? )
symmetry, which might be either the so called biconi-
cal FP or the decoupling FP. In the last FP the parallel
and the perpendicular components of the order param-
eter are asymptotically decoupled. If no FP is reached
the multicritical point might be of the �rst order, i. e. a
triple point.

Quite recently the possibletypesof phasediagrams in
the H � T plane of three dimensionaluniaxial anisotropic
antiferromagnets have beenstudied by Monte Carlo sim-
ulations [12]. For nk = 1 and n? = 2 a phasediagram
with a bicritical point has beenfound in agreement with
earlier simulations [13], but contrary to the results of RG
theory in higher loop orders [11].

The dynamics of antiferromagnets in a magnetic �eld
is quite complicated. To account for conservation laws
present in such systems,the dynamical equationsof mo-
tion shouldcontain coupling terms betweenthe two order
parameters (the components of the staggeredmagneti-
zation parallel and perpendicular to the magnetic �eld,
� k and � ? ) and conserved densities (e.g. the parallel
component of the magnetization or energydensity). The
�rst formulation of the equationsof motion at multicrit-
ical points has beendone in Ref. [17]. The simplest form
of dynamics assumesthe relaxational behavior for the
two order parameters � k and � ? (the so-called model
A) [15,18]. The dynamical multicritical behavior within
the one-loop approximation has been consideredin [17]
on the basis of the static one loop results [9]. A further
step to the completemodel is to include the di�usiv e dy-

namics of the slow conserved density leading to a model
C like extension. This model has been studied in one
loop order in Refs. [17,19,20] taking into account only
a part of dynamical two loop order terms and one loop
statics. In order to get more insight in the dynamics in
the vicinit y of multicritical points, recently we have re-
consideredthe above dynamical models within the two
loop approximation [16,21].

In what follows below we brie�y summarize an out-
comeof an RG analysisof the multicritical behavior pay-
ing special attention to an impact of the non-universal
contributions to an asymptotic behavior. In particular,
we will show that an account of two loop part of the RG
expansionsre�ned by an appropriate resummation tech-
nique gives an accurate quantitativ e description of the
static multicritical behavior. Furthermore, we pursue an
analysisof dynamical multicritical behavior choosingdif-
ferent forms of critical dynamics and calculating asymp-
totic and e�ectiv e dynamical exponents.

I I. RG FLO WS AND STATIC MUL TICRITICAL
BEHA VIOR

The generalizedstatic O(nk ) � O(n? )-symmetrical ef-
fective Hamiltonian that results from the decomposition
of the n-component order parameter �eld into two mutu-
ally interacting �elds � k and � ? of di�eren t irreducible
representations of dimensionsnk and n? , n = nk + n? ,
reads:

H

AF PHASE

0 T

PM PHASE

SPIN-FLOPPED
PHASE

(n_par=1,
  model C)

(n_perp=2,
model F)

H

AF PHASE

0 T

PM PHASE
PHASE

INTERMEDIATE

PHASE
SPIN-FLOPPED

(n_perp=2,
model F)

(n_par=1,
model C)

a. b.

Fig. 1. Typical phase diagrams of anisotropic antiferromagnets in a uniform parallel external magnetic �eld H . Types of
ordering are schematically shown by arrows. a: the bicritic al point. Three phases� an antiferromagnetic (AF) phase, a spin
�op phase and the paramagnetic (PM) phase are in coexistence. The phase transition lines to the paramagnetic phase are
secondorder transition lines, whereasthe transition line between the spin �op and the antiferromagnetic phase is of the �rst
order. b: the tetracritic al point. Four phases� an antiferromagnetic phase,a spin �op phase,an intermediate or mixed phase
and the paramagnetic phase � are in coexistence. All transition lines are of the second order in this case.Also indicated is
the dynamical universality classof the transition from the paramagnetic to the corresponding ordered phaseaccording to the
classi�cation of Hohenberg and Halperin [15] for the three component antiferromagnet.
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H =
Z
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� �
� k0 � � k0

�
)

: (1)

Here, f �u? ; �u� ; �ukg = f �ug and �r ? , �r k are couplingsand masses,correspondingly, index 0 refers to the bare quantities,
and central dots stand for scalar products. The decomposition in parallel and perpendicular order parameter com-
ponents allows to describe the multicritical behavior at the meeting point of two critical lines: (i) the line where�r ?
becomeszero and the n? -dimensional components � ? 0 are the order parameter, and (ii) the line where�r k becomes
zero and the order parameter is � k0. At the meeting point both quadratic terms becomezero and both components
of � 0 have to be taken into account. As has been predicted already by the one-loop RG analysis [8,9], an e�ectiv e
Hamiltonian (1) describes three di�eren t types of multicritical behavior that are governed by three di�eren t FPs:
(i) the isotropic n component Heisenberg FP, called below H(n), all fourth order couplings are equal in this FP, (ii)
the decoupling FP point D, which consistsof a combination of the FPs H(n? ) and H(nk ) of two decoupledsystems
and (iii) the biconical FP, B, with nontrivial nonzero couplings. As revealedby subsequent calculations [10,11] the
FP picture does not change qualitativ ely with an account of higher orders of the perturbation theory. However,
the one-loop results attain essential quantitativ e changesthat lead to a drastic modi�cation of the type of a phase
diagram. A typical example may be given by the behavior of the � -functions that describe the �o w of the fourth
order couplings f �ug under renormalization. The above functions, calculated in the two-loop approximation with the
minimal subtraction RG schemeread [14]:
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6
u2

? +
nk

6
u2

� �
(3n? + 14)

12
u3

? �
5nk

36
u? u2

� �
nk

9
u3

� ; (2)

� u � = � "u � +
(n? + 2)

6
u? u� +

(nk + 2)
6

u� uk +
2
3

u2
� �

(n? + nk + 16)
72

u3
�

�
(n? + 2)

6
u2

� u? �
(nk + 2)

6
u2

� uk �
5(n? + 2)

72
u2

? u� �
5(nk + 2)

72
u� u2

k ; (3)

� u k = � "u k +
(nk + 8)
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Here, f u? ; u� ; ukg = f ug are renormalizedcouplingsand
the spacedimensiond enters the � -functions via param-
eter " = 4 � d. With the � -functions at hand, one can
analyze the �o w equations of the fourth-order couplings
f ug:

`
dua

d`
= � ua (f ug); (5)

with a = ? ; k; � and the �o w parameter `, and �nd the
FPs f u� g of theseequations as the solutions of the sys-
tem of equations

� ua (f u� g) = 0: (6)

Which of these FPs is the stable one depends on the
number of components n? and nk and the dimension d
of space.The scalingproperties depend on the symmetry
of the stable FP.

There are two alternativ e ways to look for the solu-
tions of the FP equations (6) and, subsequently , for the
scaling properties of the system. In one approach, the
"-expansion, the solutions are obtained as a seriesin "
and then evaluated at the value of interest (at " = 1 for
d = 3 theories). Alternativ ely, one may solve a system
of non-linear equations directly at the dimensionality of
spaceof interest (e.g. at " = 1) [22] and obtain the FP

coordinates numerically. The RG expansionsbeing di-
vergent [23], special resummation techniquesare usedto
get convergent results [24]. As we have discussedalready
above, depending on the values of nk ; n? ; and d, the
multicritical behavior is governed by one of the three
non-trivial FPs: H f u�

? = u�
� = u�

kg, B f u�
? 6= u�

� 6= u�
kg,

and D f u�
? 6= 0; u�

� = 0; u�
k 6= 0g. In Fig. 2 we show

how the stabilit y of these FPs changeswith nk ; n? ; for
d = 3. There, we comparethe �rst order " -expansionre-
sults [8,9] with the two-loop results [14] obtained within
the �xed d = 3 technique [22]. The two-loop results were
obtained applying Pad�e�Borel resummation technique to
functions (2)�(4) [25]. One seesthat the borderlines of
the FPs stabilit y are drastically shifted to smaller values
of order parameter components. Thus, in the casen j = 1
and n? = 2 FP B (connected with tetracriticalit y) is
stable in two-loop order contrary to the one-loop calcu-
lations where the FP H (connectedwith bicriticalit y) is
stable. The resummedhigher orders of the perturbation
theory do not change this result and do not lead to es-
sential changesin the critical exponents either [11].

As usual, the asymptotic values of the critical expo-
nents are de�ned by the stable FP values of the corre-
sponding RG � -functions, which we do not exposehere.
Note that in general, there are distinct exponents � k ,
� ? governing spacial decay of the order parameter cor-
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relations in directions parallel and perpendicular to the
anisotropy axis. As a consequence,there is a pair of 
 -
exponents, 
 k , 
 ? that govern corresponding isothermal
magnetic susceptibilities. However, the above RG proce-
dure assumesthat the multicritical system is described
by a single diverging length scaleand therefore by one
correlation length � and onecorresponding critical expo-
nent � . This doesnot hold for decoupledsystemswhere
two length scalesare present and the usual scaling laws
with one length scale break down [9]. We give typical
numerical valuesof the exponents in Table 1.

Fig. 2. Regionsof FPs stabilit y in the in the nk � n? -plane,
d = 3. The lines separate regions where Heisenberg FP H , bi-
conical FP B and decoupling FP D are stable (from left to
right). Shown are the HB -stabilit y borderlines (dashed lines)
and BD-stabilit y borderlines (solid lines), in one loop order
(thin lines) and resummed two loop order (thic k lines). The
dots indicate low integer values for order parameter compo-
nents [26].

Whereas the asymptotic critical exponent values are
determined strictly at the FP and correspond to the scal-
ing behavior at the multicritical point, of special interest
are the e�ectiv e critical exponents which are observed in
the vicinity of the multicritical point. These are the ef-
fective exponents that often are observed experimentally
and are measuredin MC simulations. In the RG frame-
work, onemay estimate the e�ectiv e exponents from the
valuesof corresponding RG � -functions calculated along
the RG �o w and relate the �o w parameter ` to the dis-

tance to the multicritical point. In Fig. 3 we show the re-
summed[25] RG �o w of Eqs. (5) for di�eren t initial con-
ditions [14].The unstableFPs areshown as�lled spheres,
the stable biconical FP as a �lled cube. Let us note that
the neighborhood of the stabilit y border linesto the other
FPs leads to very small transient exponents. Therefore,
the stable FP is not reached for the value of the �o w pa-
rameter chosenin Fig. 3 (there, the �o w parameter has
beenchangedin the interval � 40 � ln ` � 0).

Fig. 3. Resummed RG �o w of Eqs. (5) for di�eren t initial
conditions at d = 3, nk = 1, n? = 2. The unstable FPs are
shown as a �lled spheres, the stable biconical FP as �lled
cube. The FPs points are connected by separatrices de�ning
the surface which enclosesthe attraction region [26].

De�ning the e�ectiv e exponents as explained above,
one can evaluate their numerical values along the RG
�o ws of Fig. 3 and in this way predict possibleoutcome
of measuring the scaling properties of di�eren t observ-
ablesat the multicritical point. As two typical examples,
we show in Fig. 4 the changeof valuesof isothermal sus-
ceptibilit y e�ectiv e exponents 
 k , 
 ? and of the correla-
tion length critical exponent � as the multicritical point
is being approached, the limit T ! Tc corresponds to
the limit ` ! 0.

Reference FP � ? � k 
 ? 
 k �
[14] B 0.037 0.037 1.366 1.366 0.696
[14] H(3) 0.040 0.040 1.411 1.411 0.720
[6] B 0 0 1.222 1.222 0.611
[6] H (3) 0 0 1.227 1.227 0.611
[11] B 0.037(5) 0.037(5) 1.37(7) 1.37(7) 0.70(3)
[27] H(3) 0.0375(45) 0.0375(45) 1.382(9) 1.382(9) 0.7045(55)

Table 1. Critical exponents of the O(1) � O(2) model obtained in di�eren t approximations. [14]: resummation of the two-loop
RG seriesat �xed d = 3; [6]: �rst order " -expansion, [11,27]: resummed �fth order " -expansion. Numbers, shown in italic were
obtained via familiar scaling relations.
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a. b.

Fig. 4. E�ectiv e exponents of di�eren t observables in the vicinit y of a multicritical point for the the �o ws of Fig. 3. a:
isothermal magnetic susceptibilit y (solid curves: 
 k , dashed curves: 
 ? ); b: correlation length [26].

Before passingto a discussionof somepeculiarities of
the dynamic multicritical behavior, let us note a partic-
ular feature of the O(nk ) � O(n? ) model that becomes
evident from the aboveanalysisof the statics. As the sta-
bilit y analysis shows, for the physically interesting case
d = 3, nk = 1, n? = 2 the asymptotic behavior is gov-
erned by the biconical FP B. Therefore, the tetracritical
point is realized (cf. Fig. 1a). However, depending on
the particular microscopic non-universal characteristics
of a given system, one may expect a variety of di�er-
ent scenariosfor the multicritical behavior, including the
triple point (that corresponds to the run away solutions
of the RG �o w equations,cf. Fig. 3) and bicritical point
(when for certain initial condition the Heisenberg FP H
is reached).

I I I. D YNAMICS IN THE VICINITY
OF MUL TICRITICAL POINTS

The above-sketched particular features of the static
multicritical behavior are further manifested if the crit-
ical dynamics is addressed.Below, we brie�y analyze
three di�eren t forms of dynamical behavior in the vicin-
it y of multicritical points.

A. Relaxational dynamics (mo del A)

Let usstart from the simplest dynamical model, model
A, when one assumesrelaxational behavior for the two
order parameters� k and � ? . This model hasbeenstud-
ied in the one-loop approximation in [17], the two-loop
results have been obtained in [14]. The model A type
Langevin equationsof motion describe two order param-
eters that relax to equilibrium with the relaxation rates
(kinetic coe�cien ts) �� ? and �� k :

@� ? 0

@t
= � �� ?

� H
� � ? 0

+ � � ? ; (7)

@� k0

@t
= � �� k

� H
� � k0

+ � � k : (8)

Here, H is the static e�ectiv e Hamiltonian (1), index
0 refers to bare (unrenormalized) quantities and the
stochastic forces� � ? , � � k ful�ll Einstein relations

h� �
� ?

(x; t) � �
� ?

(x0; t0)i = 2�� ? � (x � x0)� (t � t0)� �� ; (9)

h� i
� k

(x; t) � j
� k

(x0; t0)i = 2�� k � (x � x0)� (t � t0)� ij ; (10)

with indices �; � = 1; : : : ; n? and i; j = 1; : : : ; nk corre-
sponding to the two subspaces.

Application of the RG procedure to study dynami-
cal multicritical behavior relies on the Bausch�Janssen�
Wagnerapproach [28],wherethe appropriate Lagrangian
of the model is studied and dynamic vertex functions
are calculated in perturbation theory and renormalized.
In such a technique, an essential simpli�cation of calcu-
lations is achieved due to the possibility to single out
a static part of every dynamic vertex function [29,30].
Renormalization of the kinetic coe�cien ts gives rise to
appropriate � -functions. Here, we reveal the two-loop � -
function for the time-scaleratio v = � k=� ? betweenthe
renormalizedkinetic coe�cien ts � k and � ? . The function
reads [16]:

� v =
v
72

(
h
(nk + 2)u2

k � (n? + 2)u2
?

i �
6 ln

4
3

� 1
�

� nk u2
�

�
4
v

ln
2(1 + v)

2 + v
+ 2 ln

(1 + v)2

v(2 + v)
� 1

�

+ n? u2
�

�
4v ln

2(1 + v)
1 + 2v

+ 2 ln
(1 + v)2

1 + 2v
� 1

� )

: (11)
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As we have noted in the precedingsectiondiscussingthe
static critical behavior, a non universal e�ectiv e criti-
cal behavior may be observed if the values of the static
couplings and the time scale ratio are not in a FP but
rather are described by the �o w equations.For v the �o w
equation reads

`
dv
d`

= � v
�
uk (`); u? (`); u� (`); v(`)

�
: (12)

Fig. 5. Regions of di�eren t types of the dynamic scaling
behavior, � = 4 � d = 1. The rest of notations are as in Fig.
2 [31].

Below we will show someresults about non-universal
dynamic multicritical behavior obtained with two-loop
accuracy. The numerical results for the static part of the

RG function were obtained by means of the resumma-
tion technique [25], whereasno resummation has been
applied to the dynamic functions [16].

One of the quantities of interest that characterize dy-
namic critical phenomenais the autocorrelation time � .
It is known to diverge as the critical point Tc is ap-
proached, the divergencyis described by the power law:

� � jT � Tcj � � z ; (13)

with the universal correlation length and dynamic crit-
ical exponents � and z, correspondingly. In the multi-
critical phenomenawe consider, one distinguishes two
dynamical critical exponents, zk and z? , that govern the
power law increaseof the autocorrelation time for the or-
der parameters � k and � ? , correspondingly. In asymp-
totics they are de�ned by the stable FP valuesof the cor-
responding RG functions. At the strong scalingFP there
is only onedynamic time scaleand the two exponents are
equal whereasat the weak scaling FP they are di�eren t
and de�ne for each component, parallel and perpendicu-
lar, the time scale.As follows from our calculations [16]
and as one may seefrom Fig. 5, the region of stabilit y
of the biconical FP B (physically important cased = 3,
nk = 1, n? = 2 belongsto this region) is characterized
by the strong scaling dynamics: the time relaxation of
both order parameters, � k and � ? is governed by the
same exponent. In Fig. 6 we show an evolution of this
exponent ze� to its asymptotic value z = 2:05 when the
time-scale ratio v is set to its FP value and the static
couplings u change along the RG �o ws of Fig. 3. Since
the exponents have not reached their (equal) asymptotic
valuesdi�erences betweenthe parallel and perpendicular
components of the order parameter remain.

a. b.

Fig. 6. Model A multicritical dynamics. The e�ectiv e dynamical exponent for di�eren t RG �o ws in the vicinit y of a multi-
critical point at d = 3, nk = 1, n? = 2. The labeling of the �o ws corresponds to Fig. 3. The exponents for the perpendicular
(dashed curves) and parallel (solid curves) components of the order parameter di�er in the non asymptotic region [31].
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1
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3
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4
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n_perp=2.0

n� = 2.0

w�

w�

a. b.

Fig. 7. Model C e�ectiv e dynamical multicritical behavior at d = 3, nk = 1, n? = 2. a: dynamical RG �o w for di�eren t
initial conditions numbered from 1 to 4. b: e�ectiv e dynamical exponents zk , z? , and zm calculated along the RG �o ws of Fig.
7a, as indicated by the numbers [32].

B. Conserv ation of magnetization (mo del C)

A steptowardsmaking the description of dynamic phe-
nomena in the vicinit y of a multicritical point more re-
alistic is to take into account possiblecouplings between
the order parametersand conserved densities, that is to
consider the model C dynamics [15,18]. In the problem
under consideration, there are two types of conserved
densities:one is magnetization-like (more precisely, it is
the parallel component of the magnetization), another is
the energydensity. We will not considerthis secondden-
sity here, as far as up to the two-loop order the speci�c
heat critical exponent � is negative for the cased = 3,
nk = 1, n? = 2 which is of most interest here.Therefore,
a coupling to the energy density is irrelevant in the RG
sense� it vanishesat the FP [30]. An account of both
the order parameter and the (conserved) scalar density
is achieved by an extension of the static functional (1).
Now, the corresponding model C static functional reads:

H (C ) = H +
Z

ddx

 
1
2

m2
0 +

1
2

�
 ? m0� ? 0 � � ? 0

+
1
2

�
 km0� k0 � � k0 � �hm0

!

: (14)

Here, the �rst term in the right hand side is given by Eq.
(1), the density m0 � m0(x) is a scalar quantit y, �h is a
�eld conjugated to m0, �
 ? and �
 k are asymmetric static
couplings between the corresponding order parameters
and the conserved density.

In their turn, the relaxational equations of motion
(7),(8) are now extended by including a di�usion equa-
tion for the scalar density:

@� ? 0

@t
= � �� ?

� H (C )

� � ? 0
+ � � ? ; (15)

@� k0

@t
= � �� k

� H (C )

� � k0
+ � � k ; (16)

@m0

@t
= �� r 2 � H (C )

� m0
+ � m : (17)

Here, the static functional H (C ) is givenby (14), �� is a ki-
netic coe�cien t of a di�usiv e type for the scalar density,
the rest of notations is asin (7),(8). The stochastic forces
� � ? , � � k satisfy the Einstein relations (9), (10), with an
additional Einstein relation for the new stochastic force
� m :

h� m (x; t) � m (x0; t0)i=� 2�� r 2� (x � x0)� (t � t0): (18)

The renormalization of the above intro ducedasymmetric
couplings �
 ? , �
 k and kinetic coe�cien t �� leads to new
RG functions. In particular the RG �o w of the time scale
ratios

w? =
� ?

�
; wk =

� k

�
(19)

is now governed by the appropriate functions � w? and
� wk , correspondingly. Note that de�ned for model A time
scaleratio v is equally well de�ned in terms of (19):

v �
� k

� ?
=

wk

w?
: (20)

Therefore, the dynamical FP equations:

� w? (w�
? ; w�

k ; v� ) = � wk (w�
? ; w�

k ; v� )

= � v (w�
? ; w�

k ; v� ) = 0 (21)
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are now not independent: one of theseequations can be
eliminated by the relation (20).

Equations of motion (15)�(17) describe time evolution
of three di�eren t observables.Each of them has its own
autocorrelation time which, as the multicritical point is
reached, may be governedby an independent dynamical
critical exponent. In addition to the two exponents de-
�ned in the former subsection,zk and z? , the dynamical
critical exponent zm for the scalar density is to be con-
sidered.Similarly to, as in the model A case,thesethree
exponents may coincide, in the strong scalingdynamical
FP or they may di�er, in the weakscalingdynamical FP.
Complete stabilit y analysisof the model C RG equations
in two-loop approximation is given in Ref. [16]. In partic-
ular, it is shown that for the cased = 3, nk = 1, n? = 2,
wherethe static FP is the biconical FP B, the strong scal-
ing dynamical FP is stable. Physically this meansthat in
asymptotics the multicritical dynamics is characterized
by one time scale,and three dynamical exponents coin-
cide. In particular, their asymptotical value was found
to be zk = z? = zm = 2:18 [14]. However, as was revealed
in the former sections,the e�ectiv e multicritical behav-
ior is much richer. In particular, in Fig. 7a we show the
RG �o ws calculated for di�eren t dynamical initial condi-
tions when the static couplings are chosento be �xed at
their biconical FP values.The stable dynamical (strong
scaling) FP lies outside the region shown. Also shown is
the surfacev = wk =w? to which the �o w is restricted by
condition (20). The RG �o ws of Fig. 7a give rise to a dif-
ferencein the e�ectiv e dynamical critical exponents, as
shown in Fig. 7b. The insert of the �gure shows that even
for �o w parametersassmall asln ` = � 2000the e�ectiv e
exponent z? has not reached its asymptotic value 2:18.

C. The complete dynamic mo del (mo del G)

Wenow restrict ourselvesto the caseof nk = 1, n? = 2
and include mode coupling terms, which correspond to
Larmor terms describingthe precessionof the alternating
magnetization and the magnetization around each other.
They are well known from the isotropic antiferromagnet
without an external �eld [33]. Then within an external
magnetic �eld the corresponding equations read

@� �
? 0

@t
= � �� 0

?
� H (C )

� � �
? 0

+ �� 00
? � �� z � H (C )

� � �
? 0

+�g � �� z � �
? 0

� H (C )

� m0
+ � �

� ?
; (22)

@� k0

@t
= � �� k

� H (C )

� � k0
+ � � k ; (23)

@m0

@t
= �� r 2 � H (C )

� m0
+ �g � z�� � �

? 0
� H (C )

� � �
? 0

+ � m : (24)

Now � and � indicate the planar components x; y and
the Levi-Civita tensor " �� z with the third index �xed to
z has been intro duced. The parallel component of the
order parameter is its z-component. This component re-
mains just relaxing, whereasthe planar components of

the order parameter are coupled to the z-component of
the magnetization by the precessionterms.

A new feature arisesbecauseof the simultaneouspres-
enceof the mode coupling �g and the asymmetric static
couplings �
 ? and �
 k in H (C ) (14). The perpendicular re-
laxation coe�cien t �� ? has to be considereda complex
quantit y where the imaginary part constitutes a preces-
sion term (secondterm on the right hand side of (22)).
Even if in the background such terms are absent they are
produced by the renormalization procedure.

The stochastic forces � � ? , � � k and � m ful�ll Einstein
relations

h� �
� ?

(x; t) � �
� ?

(x0; t0)i = 2�� 0
? � (x � x0)� (t � t0)� �� ; (25)

h� � k (x; t) � � k (x0; t0)i = 2�� k � (x � x0)� (t � t0); (26)

h� m (x; t) � m (x0; t0)i = � 2�� r 2� (x � x0)� (t � t0): (27)

This model has been solved in one loop order in [17]
using the one loop results of statics. As hasbeenalready
seen for the simpler dynamics models changesare ex-
pected in two loop order both by the statics as well as
by the dynamic terms especially of the model C type. We
have calculated the complete �eld theoretic functions in
the two-loop order [34] necessaryto calculate the critical
(e�ectiv e) dynamical exponents. Independent of whether
the Heisenberg or biconical is the stable static FP the
�rst inspection of the �o w of the dynamical parameters
shows the following: (i) The imaginary part of the per-
pendicular relaxation rate renormalizesto zero, (ii) the
times scaleratios v (20), wk (19) approach zero and the
real part of w? still increases.Irrespective of the kind of
the stable dynamic FP � whether it is a strong scaling
FP with very small but �nite valuesor a weakscalingFP
with zero valuesfor v and wk � the physical observable
features of the magnetic transport coe�cien t are the ef-
fective ones.A range of e�ectiv e values for the dynamic
exponents corresponding to the relaxation of the per-
pendicular and parallel alternating magnetization and
the magnetization is starting around its Van Hove val-
ues z? � zk � z� � 2 in the background and approach
for the biconical FP deepin the asymptotic regime

z? � 1:6 zk � 2 z� � 1:6 : (28)

The main prediction according to this result would be
that the perpendicular and the parallel component of
the order parameter would scale di�eren tly in this re-
gion. Note added in proof: Further calculations showed
that a stableFP can only be reached in the subspace where
both wk ! 0, w? ! 0 and wk=w? �nite, nonzero. Then
zk = z? � 2 and z� � 1:1 for the biconical FP. The re-
sults presented here although very near the multicritic al
point turned out to be only e�ective exponents. Thus one
concludes that the true asymptotics is not reachable in
experiments. More details wil l be published elsewhere.

The importance of this magnetic system lies in the
physical accessibility of the order parameter, contrary to
the super�uid 4He or super�uid mixture of 4He and 3He
whose dynamics is described by model F [35]. Here all
quantities are in principle measurablequantities. Thus
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the prediction of the di�eren t dynamic scaling of the or-
der parameter components can be tested.

IV. CONCLUSIONS AND OUTLOOK

By this review wewanted to summarizerecent progress
achieved in the theoretical description of the multicriti-
cal phenomena.Whereastraditionally RG techniquesad-
dresscritical points in their di�eren t realizations, the de-
scription of multicritical phenomenais possibleboth on
quantitativ e and accurate qualitativ e levels. Moreover,
the problem appears to be tractable analytically even if
the complicated forms of multicritical dynamics are con-
fronted. As is revealedby the theoretical analysis,a par-
ticular feature of static and dynamic behavior inherent to
multicritical points is the multitude of �xed points that

describe the RG �o w. In its turn, this givesrise to a rich
e�ectiv e behavior that may be characterizedby di�eren t
types of multicritical points. A natural continuation of
performedstudieswould be to analyzecumulativ e e�ects
causedon the multicritical behavior by symmetry break-
ing factors of di�eren t forms (single-ion anisotropies,dis-
order, frustrations) that might be present in a system.
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cussions. Yu. H. thanks B. Berche for his kind hos-
pitalit y and an inspiring atmosphere at the Statisti-
cal Physics Group, Institut Jean Lamour, University of
Nancy, where this paper has been �nalized. This work
was supported by the Fonds zur F�orderung der wis-
senschaftlichen Forschung under Project No. P19583-
N20 and by the French�Ukrainian bilateral collaboration
Project �Dnipro�.
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ÒÅÎÐÅÒÈÊ Î-ÏÎËÜ ÎÂÈÉ ÏIÄÕIÄ ÄÎ ÀÍÀËIÇÓ ÁIÊÐÈÒÈ×ÍÎˆ ÒÀ
ÒÅÒÐ ÀÊÐÈÒÈ×ÍÎˆ ÏÎÂÅÄIÍÊÈ: ÑÒÀÒÈÊÀ I ÄÈÍÀÌIÊÀ

Ð. Ôîëüê 1 , Þ. Ãîëîâà ÷1;2 , Ã. Ìîçåð 3

1 Iíñòèòóò òåîðåòè÷íî¨ ôiçèêè, Óíiâåðñèòåò Éîãàíà Êåïëåðà â Ëiíöi, Àëüòåíáåð  åðøòð àñå, 69,
A�4040, Ëiíö, Àâñòðiÿ

2 Iíñòèòóò ôiçèêè êîíäåíñîâàíèõ ñèñòåì ÍÀÍ Óêðà¨íè, âóë. Ñâ¹íöiöüêîãî, 1, 79011, Ëüâiâ, Óêðà¨íà
3Âiääiëåííÿ ìàòåðiàëîçíàâñòâà i ôiçèêè, Óíiâåðñèòåò Ïàðiñ à Ëîäðîíà â Çàëüöáóðçi, Ãåëüáðóíåðøòð àñå,

34, A�5020, Çàëüöáóð , Àâñòðiÿ

Çàäîïîìîãîþ òåîðåòèêî-ïîëü îâîãî ðåíîðìãðóïîâîãî ïiäõ î äó ìè äîñëiäæó ¹ìî ñòàòè÷íó é äèíàìi÷íó êðè-
òè÷íó ïîâåäiíêó òðèâèìiðíèõ ñèñòåì ç O(nk ) � O(n? ) ñèìåòði¹þ. Òî äi ÿê ñòàòè÷íi ðåíîðìãðóïîâi ôóíêöi¨
âiäîìi òåïåð ó âèñîêèõ ïîð ÿäêàõ òåîði¨ çáóðåíü, ìè ïîê àçó¹ìî, ùî âðàõóâàííÿ äâîïåò ëåâèõ âíåñêiâ, ñó-
ïðîâî äæåíå âiäïîâiäíèì ïåðåñóìîâóâàííÿì àñèìïòîòè÷íèõ ðÿäiâ, çàáåçïå÷ó¹ àêóðàòíèé êiëüêiñíèé îïèñ
ìó ëüòèêðèòè÷íî¨ ïîâåäiíêè. Îäíi¹þ iç ñóòò¹âèõ ðèñ ñòàòè÷íî¨ ìó ëüòèêðèòè÷íî¨ ïîâåäiíêè, ùî âèÿâëÿ¹òüñÿ
âæå íà äâîïåò ëåâîìó ðiâíi äëÿ àíòèôåðîìàãíåòèê à â çîâíiøíü îìó ìàãíiòíîìó ïîëi (nk = 1, n? = 2), ¹ ñòié-
êiñòü áiêîíi÷íî¨ íåðóõ îìî¨ òî÷êè òà ¨¨ áëèçüêiñòüäî ìåæ ñòiéêîñòi iíøèõ íåðóõ îìèõ òî÷îê. Öå ïðèâî äèòü äî
äóæå ìàëèõ çíà ÷åíü ïîê àçíèêiâ êðîñîâåðó . Ìè òàêî æ àíàëiçó ¹ìî äèíàìi÷íó êðèòè÷íó ïîâåäiíêó , îáèðàþ÷è
ðiçíi ôîðìè êðèòè÷íî¨ äèíàìiêè é îá÷èñëþþ÷è ó ñõåìi ìiíiìàëüíîãî âiäíiìàííÿ àñèìïòîòè÷íi òà åôåêòèâíi
äèíàìi÷íi êðèòè÷íi ïîê àçíèêè.
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