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A new method is proposed for the calculation of full density matrix and thermodynamic functions
of a many-boson system. Explicit expressions are obtained in the pair correlations approximation for
an arbitrary temperature. The theory is self-consistent in the sence that the calculated properties
at low temperatures coincide with that of Bogoliubov theory and in the high-temperature limit lead
to the results for classical non-ideal gas in the random phase approximation. The phase transition is
also revealed as a concequence of Bose–Einstein condensation deformed by interatomic interactions.
All the final formulae are written solely via the liquid structure factor taken as a source information
instead of the interatomic potential and, therefore, interconnect only observable quantities. This
gives also a possibility to study such a strongly non-ideal system as liquid 4He.
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INTRODUCTION

The properties of liquid helium are known to have
brought about ample literature. Yet due to its unique
characteristics this quantum fluid keeps attracting the
attention of specialists in the field of theoretical and ex-
perimental physics alike. The first principle microscop-
ic description of thermodynamic and structure functions
as well as the phenomenon of Bose–Einstein condensa-
tion at a considerable distance from the absolute zero,
in particular in the vicinity of the λ-transition, is still
a problem which cannot be taken as solved to the very
end. The latter statement can be supported by a fair-
ly instructive study of heat capacity in the vicinity of
the λ-transition. The λ-like form of the heat capaci-
ty in the vicinity of the phase transition of liquid he-
lium into the superfluid state has been taken for a log-
arithmic ddivergence with the critical exponent α → 0.
This view found its way into both text-books and mono-
graphs [1–6]. Precise experiments helped to find out that
in fact there is no divergence in the heat capacity [7, 8]
even though the exponent α is indeed a small but neg-
ative number, α = −0.01056 [8]. The studies of the λ-
transition based on the renormalization group method [9]
provide us with a possibility to carry out a correct calcu-
lus for the so-called universal characteristics solely, i. e.,
the critical characteristics of the thermodynamic func-
tions and the relations of the amplitudes of their leading
asymptotics at the temperature on either side tending
to the phase transition point. Even though the thermo-
dynamic potential functional from the two-component
order parameter for liquid 4He was calculated precisely
owing to the coherent states depiction [10, 11], yet its
subsequent simplifications necessary for the implemen-
tation of the renormalized group approach make it im-
possible to describe the system’s characteristics outside
the closest vicinity of the phase transition point using
the same method. Notwithstanding tangible efforts of
the researchers the renormalization group method did

not yield the logarithmic divergence of the heat capacity
(the α exponent was received as a small but still finite
positive number, the power divergence having been ob-
tained). Only in the subsequent studies which made use
of the summation procedure of the Borel perturbation
theory divergent series established the negative value of
the exponent: α = −0.01294 [12], α = −0.0150 [13],
α = −0.01126 [14].

The fact that heat capacity at the λ-point acquires a
finite value finds itself in agreement with London [15] in
the sense that the λ-transition in liquid 4He is a Bose-
condensation deformed by the interatomic interaction in-
herent of the ideal Bose-gas bringing about the steep-
ness of the heat capacity curve in the vicinity of the
Bose-condensation point. It is not easy to reveal the con-
nection between superfluidity and Bose-condensation un-
equivocally. This connection is a lot more complex than a
simple correspondence. For instance, at the temperature
equaling absolute zero all the atoms of the ideal Bose-
gas find themselves in the states with a zero momentum
thus forming the one-hundred per cent Bose-condensate
(BC). However, such a system is not superfluid. Con-
versely, liquid 4He at the absolute temperature zero is
superfluid even though the number of atoms in the BC,
as showed both by theoretical and experimental stud-
ies, is but a small part of the entire number of atoms.
It is also well-known that one- and two-dimensional sys-
tems tend to reveal superfluid characteristics with the
BC being absent. Here we are concerned with the rise
of the so-called non-diagonal long-range order when the
one-particle density matrix in the coordinates description
dwindles in compliance with the power law rather than
the exponent law, at the matrix arguments being disen-
tangled over infinity. On the other hand a mere assump-
tion that the BC exists in the weakly imperfect Bose-gas
made it possible for Bogoliubov [16] to obtain from the
first principles the energy spectrum whose properties are
close to those of the liquid 4He.

One other fairly complex task lies in according Bogoli-
ubov’s theory [16] well-suited for the low temperatures
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with the random phase approximation in the theory of
classical systems. It may be possible to find expressions
for the thermodynamic and structure functions of the
Bose-liquid which would yield the results of Bogoliubov’s
theory for the temperatures T → 0 K. For high temper-
atures in the quasi-classical h̄ → 0 limit this expression
would bring closer to the random phase approximation of
the classical non-ideal gas theory. It might be supposed
that such an expression would also give good results in
the intermediate temperature area where the transition
point of liquid 4He into the superfluid state is located.
It is clear that we are referring not to the general for-
mulae at the level of definitions which just cannot “be
brought to a certain number”, but to the discovery of
such a first principles method of calculating the ther-
modynamic properties of the many-boson system which
starts from the N particles Hamiltonian and makes it
possible to put forward a regular perturbation theory
with a consistent consideration of many-particle correla-
tions starting with the two-particle correlations.

In the present paper we mean to dwell upon one of
the possibilities of solving these problems. Some of the re-
sults to be presented here were briefly summarized in [17]
just as an illustration of certain tricks applicable to the
wave functions and the statistical operator [18]. However,
the full scope of these findings has never been published.
We shall calculate explicitly the complete density matrix
taking into account the two-particle interatomic correla-
tions as well as the Helmholz free energy, the energy and
also a pair liquid structure factor which will abide by the
above requirements.

I. INITIAL EQUATIONS

Let us consider the N set of spinless Bose-particles
with the mass m with the Hamiltonian

Ĥ =
N∑

j=1

p̂2
j

2m
+

∑
1≤i<j≤N

Φ(|ri − rj |), (1.1)

where the first term is the operator of the kinetic en-
ergy, p̂j is the operator of the momentum of the j-th
particle. The second term presents the potential energy
of the two-particle interaction between the particles with
the coordinates x = (r1, ..., rN ). The particles movement
is limited within a volume of V .

Let ψn(x) be taken for a system of eigenfunctions of
the Hamiltonian Ĥ and En are its eigenvalues. Let us
consider such an equation for the statistical operator:

e−βĤψn(x) = e−βEnψn(x), (1.2)

where β = 1/T , T is the temperature of the considered
system of particles. Let us introduce a certain arbitrary
function ϕ = ϕ(x) and let us multiply the left-hand side
of equation (1.2) by ϕ(x). We will integrate it over all
coordinates x:

∫
ϕ(x)e−βĤψn(x)dx = e−βEn

∫
ϕ(x)ψn(x)dx, (1.3)

where ∫
dx =

∫
dr1 . . .

∫
drN .

We will impose the following condition for the function
ϕ(x): ∫

ϕ(x)ψn(x)dx 6= 0. (1.4)

Then making use of the self-conjugation of the operator
Ĥ we shall transfer it in equation (1.3) from the func-
tion ψn(x) to ϕ(x) multiplying the l. h. s. side of this
equation by ψ∗n(x′) and summing it by all the indices of
the n states:

∑
n

∫
ψ∗n(x′)ψn(x)e−βĤϕ(x)dx

=
∫
ϕ(x)

∑
n

ψ∗n(x′)e−βEnψn(x)dx.

We make use of the completeness condition

∑
n

ψ∗n(x′)ψn(x) = δ(x′ − x),

and also proceeding from the previous equation we will
obtain the following equation with the permutation of
the variables x for x′ and inversely:

e−βĤϕ(x) =
∫
ϕ(x′)RN (x′|x)dx′, (1.5)

where

RN (x′|x) =
∑

n

ψ∗n(x)e−βEnψn(x′) (1.6)

is the density matrix in the coordinate representation.
In true fact equation (1.5) is self-evident and could

have been written out at once as a matrix presentation
of the statistical operator action over any function ϕ(x).
In the Dirac notations this equation can be written as
follows

〈x|e−βĤϕ〉 =
∫
〈x|e−βĤ |x′〉〈x′|ϕ〉dx′,

(1.7)

〈x|e−βĤ |x′〉 = RN (x′|x), 〈x′|ϕ〉 = φ(x′).
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It is clear that formula (1.5) or (1.7) is applicable both
to one-particle and two-particles problems. Notwith-
standing the fact that it is obvious, this formula makes
it possible to fully restore the density matrix (1.6). Here
most significant heuristically is an arbitrary choice of the
function ϕ(x) on condition that it is non-orthogonal to
the eigen-functions of the Ĥ operator and the existence
of the integral (1.4).

The present article is concerned with the calculus of
the RN (x′|x) density matrix for the studied many-boson
system from the initial equation (1.5).

Should the interparticle interaction be switched off,
the density matrix will transfer into that of the ideal
Bose-particles N system. That is why we will try to con-
struct the density matrix of the N system of interacting
particles as a product of the density matrix of the ideal
Bose-gas R0

N (x′|x) and the PN (x′|x) factor taking into
account the interparticle interaction:

RN (x′|x) = R0
N (x′|x)PN (x′|x), (1.8)

where at temperature T 6= 0

R0
N (x′|x) =

1
N !

(
m∗

2πβh̄2

)3N/2

×
∑
Q

exp

− m∗

2βh̄2

N∑
j=1

(r′j − rQj)2

 , (1.9)

the summation over Q is at the same time the summa-
tion over all the permutation N ! numbering the particles
coordinates; at T = 0, when all the particles have zero
momenta, the matrix R0

N (x|x′) = 1/V N . The mass of
the particle in (1.9) is understood as a certain effective
mass m∗ which equals the initial mass m unless the in-
teraction takes place. Thus a part of the contribution
from the interparticle interactions is taken into account
by renormalizing the particle mass, the remainder being
left in the PN (x′|x) factor. Postulating this for the densi-
ty matrix (1.8) is justified also by the fact that it was ob-
tained under certain assumptions by a different method
in [19] by a direct calculus from (1.6). The expression
for the effective mass was found to be in agreement with
the formula for the effective mass of the impurity atom
moving in the Bose-liquid if the initial impurity mass co-
incides with the mass of the atom of liquid. Yet for the
RN (x′|x) matrix in [19] an expression was found which
is correct only at T → 0 K. Here we will try to find a
formula for PN (x′|x) which will be capable of working
in the entire temperature interval. We will also postpone
the discussion of the issue of determining the effective
mass contained in expression (1.9).

Falling back on the phenomenological consideration
concerning the insignificance of the atoms permutation
which are located at the distances smaller than their own
sizes quite some time ago Feynman [6,20] constructed the
N -particle distribution function of the liquid 4He, i. e.,
the diagonal elements of the density matrix as a product

of the ideal Bose-gas distribution function multiplied by
the factor accounting for the atom impenetrability. We
would like to base our analysis on the precise equation
(1.5) and suggest a consistent method for the calculus
of the PN (x′|x) function computing the latter explicit-
ly accounting for the two-particle correlations. We will
choose the PN (x′|x) matrix which takes into account the
interparticle correlations as follows:

PN (x′|x) = exp

{
c0 +

∑
q6=0

c1(q)ρ′qρ−q

− 1
2

∑
q6=0

c2(q)
[
ρqρ−q + ρ′qρ

′
−q

]}
, (1.10)

where the Fourier coefficients of the particles density fluc-
tuations

ρq =
1√
N

N∑
j=1

e−iqrj , (1.11)

ρ′q =
1√
N

N∑
j=1

e−iqr′j , (1.12)

at q 6= 0. The components of the wave vector q cover the
integer values devisible by 2π/V 1/D where D is dimen-
tionality of the cubic box which contains the system of
particles studied. We will determine the coefficient func-
tions c0, c1(q), c2(q) from equation (1.5).

We have confined ourselves to the consideration of two-
particle interparticle correlations in expression (1.10).
Accounting of the three-particle and higher correlations
is accomplishable by adding the members with a prod-
uct of three or more ρq in the exponent in (1.10). In our
work we will not take them into account explicitly, yet
we will return to them when discussing the issue of the
effective mass m∗. The exponent form of the PN (x′|x)
matrix is caused by the classical boundary of its diago-
nal elements when PN (x|x) turns into the usual Boltz-
man factor exp(−βΦ), where Φ is the potential energy
of the interparticle interaction thus equaling the second
term in the Hamiltonian (1.1).

Finally, we must also choose the appropriate ϕ func-
tion which is contained in equation (1.5) and meets re-
quirement (1.4). In our case we will adjust it from the
class of such functions:

ϕ(x) = exp

∑
q6=0

λ(q)ρq

 , (1.13)

where the arbitrary coefficient function λ(q) is a real
function from the wave vector module q = |q| with all
the necessary properties.
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II. THE LEFT-HAND SIDE OF EQUATION (1.5)

Let us represent the action of the statistical operator
on the ϕ function in (1.5) in the form of the exponent
function:

eU = e−βĤϕ. (2.1)

Here again when fixing the exponent form of this func-
tion we proceed from the assumption that in the quasi-
classical limit when h̄→ 0 the statistical operator comes
up to the Boltzman factor which just as the ϕ function
has an exponent form. Differentiating either sides of the
equation with respect to inverse temperature β we will
find the equation for the unknown function U :

−∂U
∂β

= e−U ĤeU ,

or explicitly

−∂U
∂β

= − h̄2

2m

N∑
j=1

[
∇2

jU + (∇jU)2
]
+ Φ, (2.2)

where from (2.1) and (1.13) it is apparent that

U =
∑
q6=0

λ(q)ρq, when β = 0. (2.3)

To solve equation (2.2) we will choose the function U
in the form of the series “by the degrees” of the ρq quan-
tities:

U = a0 +
∑
q6=0

a1(q)ρq +
1
2

∑
q6=0

a2(q)ρqρ−q + . . . . (2.4)

We have agreed to take into account the two-particle
interparticle correlation only that is why the series is
truncated at the second degree of ρq. Higher correla-
tions denoted as dots in (2.4) can be taken into account
by summing higher degrees of ρq. It is convenient to work
with our equation in terms of the ρq quantity rather than
the individual coordinates x. That is why we will show
the potential energy Φ through the quantities of ρq:

Φ =
N(N − 1)

2V
ν0 +

N

2V

∑
q6=0

νq(ρqρ−q − 1), (2.5)

where the Fourier coefficients of the two particles poten-
tial energy

νq =
∫
e−iqR Φ(R) dR. (2.6)

Equation (2.2) will now look as follows

−∂U
∂β

=
∑
k6=0

h̄2k2

2m

(
ρk
∂U

∂ρk
− ∂2U

∂ρk∂ρ−k
− ∂U

∂ρk

∂U

∂ρ−k

)

+
1√
N

∑
k6=0

∑
k′ 6=0

k+k′ 6=0

h̄2(kk′)
2m

ρk+k′

(
∂2U

∂ρk∂ρk′
+
∂U

∂ρk

∂U

∂ρk′

)

+
N(N − 1)

2V
ν0 +

∑
k6=0

N

2V
νk(ρkρ−k − 1). (2.7)

We substitute in this equation expression (2.4) for the U
function and from the equivalence condition of the co-
efficient functions at the equal degrees of ρk in the left-
and right-hand sides of this equation and again taking
into account just the two-particle correlation we find a
system of three equations for the unknown quantities a0,
a1(q) and a2(q)

−da0

dβ
= −

∑
q6=0

h̄2q2

2m
[a2(q) + a2

1(q)]

+
N(N − 1)

2V
ν0 −

∑
q6=0

N

2V
νq, (2.8)

−da1(q)
dβ

=
h̄2q2

2m
a1(q)[1− 2a2(q)], (2.9)

−da2(q)
dβ

=
h̄2q2

m
[a2(q)− a2

2(q)] +
N

V
νq. (2.10)

We begin to solve the system of these equations from
equation (2.10) for a2(q). Notwithstanding the fact that
this equation is nonlinear its solution can be found an-
alytically which was suggested for the first time in [21]
in the framework of the so-called shifts and collective
variables method:

a2(q) = −αq − 1
2

1− e−2βE(q)

1 + αq−1
αq+1e

−2βE(q)
, (2.11)

αq =

√
1 +

2N
V
νq

/
h̄2q2

2m
, (2.12)

where

E(q) = αq
h̄2q2

2m
(2.13)

is Bogoliubov’s elementary excitation spectrum [16].
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After this we solve in turn equations (2.9) and (2.8).
Fairly simple even though cumbersome transformations
taking into account the “initial” condition (2.3) lead to
the following result

a1(q) = λ(q)
2αq

αq+1e
−βE(q)

1 + αq−1
αq+1e

−2βE(q)
, (2.14)

a0 = −βE0 −
1
2

∑
q6=0

ln

[
1 + αq−1

αq+1e
−2βE(q)

1 + αq−1
αq+1

]

+
∑
q6=0

λ2(q)
1− e−2βE(q)

(αq + 1)
[
1 + αq−1

αq+1e
−2βE(q)

] , (2.15)

where

E0 =
N(N − 1)

2V
ν0 −

∑
q6=0

h̄2q2

8m
(αq − 1)2 (2.16)

is the energy of the ground state of the many-boson sys-
tem in Bogoliubov’s approximation [16].

Thus in the approximation of pair correlation we have
found explicitly the result of the action of statistical op-
erators on the ϕ function, i. e., the left-hand side of our
main equation (1.5) which taking into account (2.1) looks
as follows:

eU =
∫
ϕ(x′)R(x′|x)dx′. (2.17)

To go further we must calculate the integral over x′ in
the right-hand side of this equation.

III. THE RIGHT-HAND SIDE
OF EQUATION (1.5)

Let us now proceed to the finding of the explicit form
of the right-hand side of our main equation (2.17) making
use of the postulated form of the (1.8)–(1.10) statistical
operator. We have

∫
ϕ(x′)R(x′|x) dx′ =

∫
. . .

∫
R0

N (x′|x) exp

{∑
q6=0

λ(q)ρ′q + c0 +
∑
q6=0

c1(q)ρ′qρ−q

− 1
2

∑
q6=0

c2(q)
[
ρqρ−q + ρ′qρ

′
−q

]}
dr′1 . . . dr

′
N . (3.1)

Let us pass over in this expression from the integration of particles r′1, ..., r
′
N by the individual coordinates to the

integration over the ρ′q variables which are determined by formula (1.12). Such a transition is performed by means of
Zubarev’s [22] transition function which is a product of the Dirac δ-function and equation (3.1) and looks as follows:

∫
ϕ(x′)R(x′|x)dx′ =

∫
. . .

∫
exp

{∑
q6=0

λ(q)ρ′q + c0 +
∑
q6=0

c1(q)ρ′qρ−q −
1
2

∑
q6=0

c2(q)[ρqρ−q + ρ′qρ
′
−q]

}
J0(ρ′)(dρ′), (3.2)

where the weight function

J0(ρ′) =
∫
. . .

∫
R0

N (x′|x)
∏
q6=0

′
δ

ρ′q − 1√
N

N∑
j=1

e−iqr′j

 dr′1 . . . dr
′
N . (3.3)

An element of the ρ′q space volume

(dρ′) =
∏
q6=0

′
dρ′cq dρ

′s
q , (3.4)

where ρ′cq , ρ′sq are a real and respectively an imaginary part of the variable ρ′q = ρ′cq − iρ′sq . The integration by ρ′cq , ρ′sq
takes place in the infinite volume. The prime (′) at the product sign in (3.3) and (3.4) means that the values of the
wave vector q are considered only from the half-space of all of its possible values because there exists the dependence
ρ′∗q = ρ−q′ or ρ′cq = ρ′c−q, ρ′sq = −ρ′s−q.

We will use the integral representation for the δ-function and write the transition function (3.3) as
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J0(ρ′) =
∫
. . .

∫
R0

N (x′|x)
∫

(dω) exp

πi∑
q6=0

ωq

ρ′q − 1√
N

N∑
j=1

e−iqr′j

 dr′1 . . . dr′N
=
∫

(dω) exp

πi∑
q6=0

ωqρ
′
q

〈 exp

−πi∑
q6=0

1√
N
ωq

N∑
j=1

e−iqr′j

〉, (3.5)

here the element of the ω space

(dω) =
∏
q6=0

′
dωc

q dω
s
q,

where ωc
q, ωs

q are a real and respectively an imaginary part of the ωq complex variable linked to ρq, the angle brackets
denoting the integration over the individual primed coordinates with the weight equaling the density matrix of the
ideal gas:

〈. . .〉 =
∫
. . .

∫
(. . .)R0

N (x′|x) dr′1 . . . dr′N . (3.6)

The integral from the R0
N (x′|x) density matrix itself by x′ equals unity. Indeed,

∫
. . .

∫
R0

N (x′|x) dr′1 . . . dr′N =
1
N !

(
m∗

2πβh̄2

)3N/2∑
Q

∫
. . .

∫
e
− m∗

2βh̄2

∑N

j=1
(r′j−rQj)

2

dr′1 . . . dr
′
N

=
1
N !

(
m∗

2πβh̄2

)3N/2∑
Q

∫
. . .

∫
e
− m∗

2βh̄2

∑N

j=1
R2

j dR1 . . . dRN = 1, (3.7)

where we have passed to the new variables of integration

Rj = r′j − rQj ,

and at the same time we assume that the size of the box where the system of particles is located is already infinite,
V →∞. We will refer to operation (3.6) as to averaging.

Let us now pass over to the calculation of the weight function (3.5). We will reflect the average from the exponent
in (3.5) in the form of the exponent from the non-reducible averages limiting ourselves to two-particle correlations
again:

J0(ρ′) =
∫

(dωq)eπi
∑

q6=0
ωqρ′q exp

{
−πi

∑
q6=0

ωq√
N

〈
N∑

j=1

e−iqr′j

〉
+

1
2

∑
q1 6=0

∑
q2 6=0

(πiωq1)(πiωq2)
N

×

〈 N∑
j1=1

e−iq1r
′
j1

N∑
j2=1

e−iq2r
′
j2

〉
−

〈
N∑

j1=1

e−iq1r
′
j1

〉〈
N∑

j2=1

e−iq2r
′
j2

〉+ . . .

}
. (3.8)

Let us calculate the averege quantities necessary for us. Thus similarly to (3.7) we have

〈 N∑
j=1

e−iqr′l

〉
=

1
N !

(
m∗

2πβh̄2

)3N/2∑
Q

N∑
l=1

∫
. . .

∫
dr′1 . . . dr

′
N e−iqr′le

− m∗
2βh̄2

∑N

j=1
(r′j−rQj)

2

=
1
N !

(
m∗

2πβh̄2

)3N/2∑
Q

N∑
l=1

e−iqrQl

∫
. . .

∫
dR1 . . . dRN e−iqRle

− m∗
2βh̄2

∑N

j=1
R2

j (3.9)
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=
1
N !

(
m∗

2πβh̄2

)3N/2∑
Q

N∑
l=1

(
2πβh̄2

m∗

)3(N−1)/2

e−iqrQl

(
2πβh̄2

m∗

)3/2

e−βh̄2q2/2m∗
=
√
Nρqe

−βh̄2q2/2m∗
.

Incidentally, it is not difficult to show that the mean for the many-fermion system equals zero. This is connected
with the fact that the R0

N (x′|x) density matrix for the fermions is antisymmetric as regards the permutation of the
primed (r′1, . . . , r

′
N ) coordinates, the value of (1.12) being symmetrical. Otherwise said, for Fermi statistics the ϕ

function from (1.13) does not meet condition (1.4). Thus, it is necessary to find another function which would be
non-orthogonal to the wave functions of the many-fermion system. The resuls of the calculation of the thermodynamic
and structure functions for the Fermi particles on the basis of the suggested approach will be published separately.

Our further steps are analogous to those in the case of (3.9):

〈 N∑
j1=1

e−iq1r
′
j1

N∑
j2=1

e−iq1r
′
j2

〉
=
〈 N∑

j1=1

e−i(q1+q2)r
′
j1

〉
+

N∑
j1=1

N∑
j2=1

(j1 6=j2)

〈
e−iq1r

′
j1−iq2r

′
j2

〉
(3.10)

= e−β
h̄2(q1+q2)2

2m∗

N∑
j1=1

e−i(q1+q2)rj1 +
N∑

j1=1

e−iq1rj1

N∑
j2=1

e−iq2rj2 e
−β

(
h̄2q2

1
2m∗ +

h̄2q2
2

2m∗

)
− e−β h̄2

2m∗ (q2
1+q2

2)
N∑

j1=1

e−i(q1+q2)rj1 .

Now, taking into account (3.9) and (3.10) we will find that

〈 N∑
j1=1

e−iq1r
′
j1

N∑
j2=1

e−iq2r
′
j2

〉
−
〈 N∑

j1=1

e−iq1r
′
j1

〉〈 N∑
j2=1

e−iq2r
′
j2

〉
=
(

1− e−2β
h̄2q2

1
2m∗

)
Nδ(q1 + q2)

+
[
e−β h̄2

2m∗ (q1+q2)
2
− e−β h̄2

2m∗ (q2
1+q2

2)
]√

N ρq1+q2 . (3.11)

Here, the second term will be omitted in the accepted approximation of two-particle correlations when substituting
(3.11) in (3.8). Expressions (3.9), (3.11) give correct asymptotics at absolute zero temperature, β →∞, as well.

Further, the weight function in (3.8) can be calculated easily as the integrals by ωc
k and ωs

k are reducible to the
Poisson integrals:

J0(ρ′) =
∫

(dω) exp

−1
2

∑
q6=0

|πωq|2(1− e−2β h̄2q2

2m∗ ) + πi
∑
q6=0

ωq

(
ρ′q − ρqe

−β h̄2q2

2m∗

)

= exp

−1
2

∑
q6=0

∣∣∣ρ′q − ρqe
−β h̄2q2

2m∗

∣∣∣2
1− e−2β h̄2q2

2m∗


∏
q6=0

′ 1

π
(
1− e−2β h̄2q2

2m∗

) . (3.12)

Now, just as in (3.12) we can carry out integration in (3.2):

∫
ϕ(x′)R(x′|x)dx′ = exp

c0 +
1
2

∑
q6=0

λ2(q)[
c2(q) + 1

1−e−2βh̄2q2/2m∗

]


× exp

∑
q6=0

λ(q)ρq

[
c1(q) +

e−β h̄2q2

2m∗

1− e−2β h̄2q2
2m∗

]/[
c2(q) +

1

1− e−2β h̄2q2
2m∗

]
× exp

{
1
2

∑
q6=0

[
c1(q) + e−β h̄2q2

2m∗

/
(1− e−2β h̄2q2

2m∗ )
]2

[
c2(q) + 1

/
(1− e−2β h̄2q2

2m∗ )
] ρqρ−q
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−1
2

∑
q6=0

[
c2(q) +

e−2β h̄2q2

2m∗

1− e−2β h̄2q2
2m∗

]
ρqρ−q

}∏
q6=0

′ 1
1 +

(
1− e−2βh̄2q2/2m∗) c2(q) . (3.13)

Thus, we have also found the right-hand side of the main equation (1.15). Now we can proceed to determining the
unknown coefficient functions c0, c1(q) and c2(q).

IV. EQUATIONS FOR THE cn(q) COEFFICIENT FUNCTIONS

To satisfy condition (2.17) the exponent factor in (3.3) should equal the U function from (2.4) for any values of
the ρq variable and the arbitrary function λ(q). From this condition we find the equation for the unknown fucnctions
c0, c1(q), c2(q). Thus, we will equate the coefficients at the identical degrees of ρq in (2.4) as well as in the exponent
of the right-hand side part of equation (3.13):

a0 = c0 +
1
2

∑
q6=0

λ2(q)

/[
c2(q) +

1

1− e−2β h̄2q2
2m∗

]
− 1

2

∑
q6=0

ln
[
1 +

(
1− e−2βh̄2q2/2m∗

)
c2(q)

]
, (4.1)

a1(q) = λ(q)

[
c1(q) +

e−β h̄2q2

2m∗

1− e−2β h̄2q2
2m∗

]/[
c2(q) +

1

1− e−2β h̄2q2
2m∗

]
, (4.2)

a2(q) =

[
c1(q) +

e−β h̄2q2

2m∗

1− e−2β h̄2q2
2m∗

]2/[
c2(q) +

1

1− e−2β h̄2q2
2m∗

]
−

[
c2(q) +

e−2β h̄2q2

2m∗

1− e−2β h̄2q2
2m∗

]
. (4.3)

Let us address equation (4.1) taking into account ex-
pression (2.5) for a0 as a result of the arbitrariness of
the function λ(q). We will obtain one more additional
equation equaling the multipliers near λ2(q) on either
side in equation (4.1). In equation (4.2) the value of λ(q)
falls out as can be seen from (2.4). Thus, we now have
three equations for two coefficients c1(q) and c2(q). If
our theory is consistent, one of the equations from sys-
tem (4.1)–(4.3) will be satified identically:

2αq

αq+1e
−βE(q)

1 + αq−1
αq+1e

−2βE(q)
=
c̄1(q)
c̄2(q)

,

a2(q) =
c̄21(q)
c̄2(q)

− c̄2(q) + 1, (4.4)

1
αq + 1

1− e−2βE(q)

1 + αq−1
αq+1e

−2βE(q)
=

1
2c̄2(q)

,

here we have introduced abbreviated notations

c̄1(q) = c1(q) +
e−β h̄2q2

2m∗

1− e−2β h̄2q2
2m∗

, (4.5)

c̄2(q) = c2(q) +
1

1− e−2β h̄2q2
2m∗

. (4.6)

From the third equation of system (4.4) we have

c̄2(q) =
αq + 1

2

1 + αq−1
αq+1e

−2βE(q)

1− e−2βE(q)

=
1 + αqcoth[βE(q)]

2
,

and from (4.6)

c2(q) =
1
2

{
αqcoth[βE(q)]− coth

[
β
h̄2q2

2m∗

]}
. (4.7)

Now, from the first equation (4.4) we find

c̄1(q) =
αq

2 sinh[βE(q)]
,

and from (4.5) we have

c1(q) =
1
2

 αq

sinh[βE(q)]
− 1

sinh
[
β h̄2q2

2m∗

]
 . (4.8)

We can easily check now that the second equation from
system (4.4) is indeed met identically as expected.

Finally, from (4.1) we also find the coefficient
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c0 = −βE0 +
1
2

∑
q6=0

ln

(
1− e−2β h̄2q2

2m∗

1− e−2βE(q)

)

+
1
2

∑
q6=0

ln αq. (4.9)

V. DENSITY MATRIX AND THE PARTITION
FUNCTION

With the help of expressions (4.7)–(4.9) taking into
account (1.8)–(1.10) we find the explicit expression for
the N -particle density matrix:

RN (x′|x) = R0
N (x′|x) exp

−βE0+
1
2

∑
q6=0

ln

αq tanh
[

β
2E(q)

]
tanh

[
β h̄2q2

4m∗

]
+

∑
q6=0

ln

(
1− e−β h̄2q2

2m∗

1− e−βE(q)

)
× exp

{
−1

4

∑
q6=0

(
αq coth [βE(q)]− coth

[
β
h̄2q2

2m∗

])
(ρqρ−q + ρ′qρ

′
−q) (5.1)

+
1
2

∑
q6=0

 αq

sinh [βE(q)]
− 1

sinh
[
β h̄2q2

2m∗

]
 ρqρ

′
−q

}
.

By integrating the density matrix diagonal elements in compliance with (1.6) we obtain the partition function

ZN =
∫
RN (x|x)dx, (5.2)

from which we will find free energy F = −T ln ZN , and from the latter other thermodynamic functions.
In (5.2) let us pass over from the integration over the individual coordinates (r1, . . . , rN ) to the integration over

the collective variables (1.11) similarly to what was done in (3.1):

ZN = Z0
N exp

{
−βE0 +

1
2

∑
q6=0

ln

αq tanh
[

β
2E(q)

]
tanh

[
β h̄2q2

4m∗

]
+

∑
q6=0

ln

(
1− e−β h̄2q2

2m∗

1− e−βE(q)

)}∫
(dρ)J(ρ)

× exp

−1
2

∑
q6=0

(
αq tanh

[
β

2
E(q)

]
− tanh

[
β
h̄2q2

4m∗

])
ρqρ−q

 , (5.3)

where the weight function

J(ρ) =

〈∏
q6=0

′
δ
(
ρq −

1√
N

N∑
j=1

e−iqrj

)〉0

, (5.4)

here the angular brackets marked with “0” denote the
following averaging:

〈. . .〉0 =
1
Z0

N

∫
(. . .)R0

N (x|x)dx, (5.5)

and the partition function of the ideal gas

Z0
N =

∫
R0

N (x|x)dx. (5.6)

We calculate the J(ρ) weight function from (5.4) in
the same way as the J0(ρ′) function from (3.3), clearly
just with a different averaging operation (5.5) instead of
(3.6). Thus, by the respective reassignment for J(ρ) we
have expressions (3.5) and (3.8). The necessary average
values contained in (3.8) can now be calculated easily as
well

〈 1√
N

N∑
j=1

e−iqrj

〉0

=
√
N δq,0,

and

〈 1√
N

N∑
j1=1

e−iq1rj1

 1√
N

N∑
j2=1

e−iq2rj2

〉0
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= S0(q1)δ(q1 + q2), q1 6= 0, q2 6= 0, (5.7)

where S0(q) by definition is a pair structure factor of the
ideal Bose-gas. The expression for it is well-known

S0(q) = 1 +
1
N

∑
p

npn|p+q|, (5.8)

where

np =
1

z−1
0 eβ h̄2p2

2m∗ − 1
(5.9)

is an average number of particles whose momentum
equals h̄p, the activity of the ideal gas z0 being excluded
from the condition∑

p

np = N. (5.10)

Let us also remember the expression for the partition
function of the ideal Bose-gas (5.6) the particles of which
have the mass m∗

Z0
N = exp

[
−
∑
q

ln
(
1− z0e

−βh̄2q2/2m∗
)]

. (5.11)

The necessary integral over ωk in (3.8) taking into ac-
count pair correlations can be easily taken. We will find
the weight function (5.4):

J(ρ) =

∏
q6=0

′ 1
πS0(q)

 exp

−1
2

∑
q6=0

ρqρ−q

S0(q)

 . (5.12)

Now, taking into account (5.12) the integration over
the variables ρq in (5.3) is reduced to the calculation of
the Poisson integral:

ZN = Z0
N exp

{
−βE0 +

∑
q6=0

ln

(
1− e−β h̄2q2

2m∗

1− e−βE(q)

)
+

1
2

∑
q6=0

ln

αq tanh
[

β
2E(q)

]
tanh

[
β h̄2q2

4m∗

]
 (5.13)

− 1
2

∑
q6=0

ln
[
1 +S0(q)

(
αq tanh

[
β

2
E(q)

]
− tanh

[
β
h̄2q2

4m∗

])]}
.

Expressions (5.1) and (5.13) for the density matrix and
for the statistical operator are the starting formulae for
the calculation of the thermodynamic and structure func-
tions of the Bose-liquid. Before we pass over to the cal-
culation of these values we will make some preliminary
studies.

First of all we will say that we have not obtained the
equation for the effective mass m∗. It is not surprising
at all as we were working in the approximation of one
sum over the wave vector q and the difference between
the effective mass m∗ and the initial particle mass m is
proportional to the sum over q.

Let us pass to the discussion of the obtained expres-
sions for the partition function and the density matrix.
It is apparent that when we switch off the interparticle
interaction with νq = 0, i. e., αq = 1 we will obtain from

(5.1) that for any temperature

RN (x|x′) = R0
N (x|x′),

and

ZN = Z0
N .

Notwithstanding the naturalness of this condition it will
not be met, for instance, by the well-known Penrose for-
mula for the N -particles density matrix. This formula
was also obtained by Feenberg [23]. Applying the method
of coherent states it was also found in [24]. With the
help of wave functions of the many-boson Bogoliubov–
Zubarev system [26] it was calculated in [27, 28]. Using
our notations it looks as follows:

RN (x|x′) =

∏
q6=0

′
αq tanh

E(q)
2T

 exp

{
− E0

T
−
∑
q6=0

ln
(
1− e−E(q)/T

)
+

1
4

∑
q6=0

(ρqρ−q + ρ′qρ
′
−q)
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− 1
4

∑
q6=0

αq

sinh[E(q)/T ]

[
(ρqρ−q + ρ′qρ

′
−q) cosh

E(q)
T

− (ρqρ′−q + ρ′qρ−q)
]}
. (5.14)

This expression holds true only for T → 0. If αq = 1, then from (5.14) we obtain an expression for the ideal gas
density matrix

R0
N (x|x′) =

∏
q6=0

′
tanh

[
h̄2q2

4mT

] exp

{
−
∑
q6=0

ln
(
1− e−h̄2q2/2mT

)
+

1
4

∑
q6=0

(ρqρ−q + ρ′qρ
′
−q)

− 1
4

∑
q6=0

1
sinh(h̄2q2/2mT )

[
(ρqρ−q + ρ′qρ

′
−q) cosh

[
h̄2q2

2mT

]
− (ρqρ′−q + ρ′qρ−q)

]}
, (5.15)

which does not coincide with the precise expression (1.9) for m∗ = m. It is not surprising at all as in the ρq
representation the kinetic energy operator is not diagonal (which can be shown at least from equation (2.7)). It is
just on its off-diagonal part that we are building the perturbation theory in which each subsequent member of the
series has in comparison with the previous member an additional summation over the wave vector q.

It is curious that formulae (5.14) and (5.15) prompt to us how one can formally obtain our result for the density
matrix. Thus we have the equation

RN (x|x′) = R0
N (x|x′)RN (x|x′)(from formula (5.14))

R0
N (x|x′)(from formula (5.15))

. (5.16)

If we use expressions (5.14) and (5.15) in the right-
hand part of this equation for the density matrices re-
lation, we will immediately arrive at formula (5.1) with
m∗ = m. This trick also hints at a possibility of calculat-
ing the effective mass m∗. Thus, should we find the fol-
lowing approximation for the density matrix (5.14), for
instance by solving Bloch’s equation directly, as suggest-
ed in [28], the result will be the following. Firstly, we will
obtain in the (5.14) exponent the ∼ ρq1ρq2ρq3 members
from q3 = −q1−q2, viz., a contribution from the three-
particle correlations and also a share of the contribution
from the four-particle correlations ∼ ρq1ρ−q1ρq2ρ−q2

(appropriately systematized as regards the primed and
the nonprimed variables (1.11) and (1.12)). Besides,
there also arise corrections ∼

∑
q6=0(. . .)/N to the ze-

roth approximation coefficient functions around ρqρ−q

in (5.14) (again systematized as regards the primed and
the nonprimed variables). A part of these corrections can
be “hidden” quite naturally by renormalizing the particle
mass m. After this fixing of the renormalized mass m∗

we suggest that αq → 1 and find the ideal gas density
matrix R0

N (x|x′) in which instead of m we will have m∗.
Then we will address formula (5.16) and by the same
reasoning we arrive at (5.1) with the known value of m∗.
Now from formula (5.16) we can also answer the ques-
tion why formula (5.1) holds true for any mass m∗. The
matter is that we multiply and divide by the same value
R0

N (x|x′) “finding” the denominator for all the orders of
the perturbation theory by the number of summations
over the wave vector.

In the approach suggested here the effective mass also
arises in the natural fashion if we take into considera-

tion the contribution of the many particle corrrelations
in expressions (1.10) and (2.4) and if we renormalize the
mass by the contributions to be factorized (possibly with
the dependence upon the wave vector q)). We will not
discuss here higher approximations and the discussion of
the issue of m∗ will be returned to in Section VIII.

If we direct the temperature towards zero, i. e., β →∞
then from (5.1) with the consideration of the fact that
the density matrix of the ideal Bose-gas, which in this
case is fully degenerate, equals 1/V N , we will obtain in
compliance with designation (1.6) the following expres-
sion

RN (x|x′) = e−βE0ψ0(x′)ψ0(x),

where the normalized wave function of the ground state
of the interacting Bose-particles system

ψ0(x) =
1√
V N

∏
q6=0

√
αq



× exp

−1
4

∑
q6=0

(αq − 1)ρqρ−q


coincides with that discovered for the first time by Bo-
goliubov and Zubarev [26].

Finally we will consider the classical limit h̄→ 0 of the
density matrix diagonal elements (5.1) when ρ′q = ρq.
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The energy E0 from (2.16) in this limit transforms into

E0 =
N(N − 1)

2V
ν0 −

∑
q6=0

N

2V
νq. (5.17)

Then, the first logarithm under the sum over q in the ex-
ponent in (5.1) (together with the factor 1/2) is reduced
at h̄ → 0 to ln αq and the second one to ln(1/αq); they
cancel each other, the factor at ρqρ−q equaling

ν∗q = αq tanh
[
β

2
E(q)

]
− tanh

[
β
h̄2q2

4m∗

]
,

ν∗q = β
N

V
νq, h̄→ 0. (5.18)

We have made use of the fact that at high temperatures
m∗ → m. In the R0

N (x|x) matrix from (1.9) at h̄ → 0
only an identical permutation survives

R0
N (x|x) =

1
N !

(
m

2πβh̄2

)3N/2

.

Consequently, bringing everything together we have the
exact classical solution for the density matrix

RN (x|x) =
1
N !

(
m

2πβh̄2

)3N/2

e−βΦ,

where the potential energy Φ is given by equation (2.5).
For the partition function (5.13) taking into account

the fact that in the classical limit h̄ → 0 the struc-

tural factor of the ideal gas (5.8) S0(q) = 1 we find a
well-known expression in the random phase approxima-
tion [3, 25]:

ZN = Z0
N exp

{
− β

N(N − 1)
2V

ν0

− 1
2

∑
q6=0

[
ln
(

1 + β
N

V
νq

)
− β

N

V
νq

]}
, (5.19)

Z0
N =

V N

N !

(
m

2πβh̄2

)3N/2

.

Thus from expressions (5,1), (5,13) for the density ma-
trix and the partition function we have received all the
known limiting cases both in the essentially quantum and
classical regions. For that matter we can expect these
expressions to give good results also in the intermediate
temperature region, in particular in the vicinity of the
λ-transition point.

VI. ENERGY

From expression (5.13) for the partition function we
find the energy by the well-known thermodynamic equa-
tion:

E =
∂

∂β
(βF ) = − ∂

∂β
ln ZN .

Simple calculations give

E = E0 +
∑
q6=0

E(q)
eβE(q) − 1

+
∑
q6=0

h̄2q2

2m∗∗

[
1

z−1
0 e

βh̄2q2
2m∗ − 1

− 1

eβ h̄2q2
2m∗ − 1

]

− 1
2

∑
q6=0

(
E(q)

sinh[βE(q)]
− h̄2q2/2m∗∗

sinh[βh̄2q2/2m∗]

)
+

1
2

∑
q6=0

1
1 + S0(q)

(
αq tanh [βE(q)/2]− tanh

[
βh̄2q2/4m∗

]) (6.1)

×

{
S0(q)

2

[
αqE(q)

cosh2 [βE(q)/2]
− h̄2q2/2m∗∗

cosh2
[
βh̄2q2/4m∗

]]+
∂S0(q)
∂β

(
αq tanh

[
β

2
E(q)

]
− tanh

[
β
h̄2q2

4m∗

])}
,

where the value

m∗∗ = m∗
/[

1 + βm∗ ∂

∂β

(
1
m∗

)]
. (6.2)

For the actual calculus of the temperature dependence
of the energy E we will write in more detail the ideal

Bose-gas structural factor (5.8) and its derivative with
respect to the inverse temperature

∂S0(q)
∂β

=
2
N

∑
p

∂np

∂β
n|p+q|, (6.3)

which enter (6.1) with the consideration of the Bose–
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Einstein condensation phenomenon.
Bose-condensation arises on condition that z0 = 1 and

the critical temperature Tc is determined from equation
(5.10) [1, 4, 6]

Tc =
2πh̄2

m∗

[
N

V

/
ζ(3/2)

]2/3

, (6.4)

where Riemann ζ-function ζ(3/2) = 2.612375... . As the
effective mass also happens to be a function of tem-
perature, expression (6.4) as a matter of fact is the
equation for determining the temperature of the Bose-
condensation Tc.

In (5.4) we will single out the terms with the average
number of particles n0 whose momenta equal zero:

T ≤ Tc, z0 = 1,

S0(q) = 1 + 2
n0

N
nq +

1
N

∑
p 6=0

p+q6=0

npn|p+q|. (6.5)

Now, taking into account the temperature dependence of
the Bose-condensate fraction for an ideal gas [1, 4]

n0

N
= 1−

(
T

Tc

)3/2

,

which is also determined from condition (5.10) for the
temperatures T ≤ Tc. We find from (6.5) that

S0(q) = coth
(
β
h̄2q2

4m∗

)
− 2

(
T

Tc

)3/2

nq

+
1
N

∑
p 6=0

p+q6=0

npn|p+q|.

In this expression we will pass from the summation over
the wave vector p to the integration considering the ther-
modynamic limit N → ∞, V → ∞, N/V = ρ = const
and ultimately we find after integration over angles

S0(q) = coth
(
β
h̄2q2

4m∗

)
− 2(T/Tc)3/2

eβ h̄2q2
2m∗ − 1

+
m∗

4π2ρqh̄2β

×
∫ ∞

0

p

eβh̄2p2/2m∗ − 1
ln

∣∣∣∣∣∣1− e−β
h̄2(p+q)2

2m∗

1− e−β
h̄2(p−q)2

2m∗

∣∣∣∣∣∣ dp, (6.6)

T ≤ Tc.

For the temperatures which are above the critical tem-
perature the Bose-condensate is absent (n0 = 0), that is
why from (5.8)

S0(q) = 1 +
m∗

4π2ρqh̄2β

∫ ∞

0

p

z−1
0 eβh̄2p2/2m∗ − 1

× ln

∣∣∣∣∣∣1− z0e
−β

h̄2(p+q)2

2m∗

1− z0e
−β

h̄2(p−q)2

2m∗

∣∣∣∣∣∣ dp, (6.7)

T ≥ Tc.

We carry out analogous calculations also for the struc-
ture factor derivative (6.3):

∂S0(q)
∂β

= 3T
(
T

Tc

)3/2
m∗/m∗∗

eβ h̄2q2
2m∗ − 1

− h̄2q2/4m∗∗

sinh2
(
β h̄2q2

4m∗

) [1− ( T
Tc

)3/2
]

− m∗

16π2ρqβm∗∗

∫ ∞

0

dp
p3

sinh2
(
β h̄2p2

4m∗

) ln

∣∣∣∣∣∣1− e−β
h̄2(p+q)2

2m∗

1− e−β
h̄2(p−q)2

2m∗

∣∣∣∣∣∣ , (6.8)

T ≤ Tc

and

∂S0(q)
∂β

= − m∗

16π2ρqβm∗∗

∫ ∞

0

dp
p3

sinh2
[
β h̄2p2

4m∗ − ln z0
2

] (1− ∂ ln z0
∂β

/
h̄2p2

2m∗∗

)
ln

∣∣∣∣∣∣1− z0e
−β

h̄2(p+q)2

2m∗

1− z0e
−β

h̄2(p−q)2

2m∗

∣∣∣∣∣∣ , (6.9)

T ≥ Tc.
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Let us now analyze the expression for the energy E
from (6.1) in the low-temperature region. If T < Tc

then z0 = 1 and the contribution of the third term in
(6.1) equals zero and the last two terms cancel each
other, and this can be seen from (6.6) and (6.8) at
β → ∞, S0(q) → coth(βh̄2q2/4m∗) and also
∂S0(q)/∂β → −h̄2q2/[4m∗∗ sinh2(βh̄2q2/4m∗)]. Conse-
quently, we obtain Bogoliubov’s formula for the energy
as a mean value of the energy of the non-interacting el-
ementary excitations:

E = E0 +
∑
q6=0

E(q)
eβE(q) − 1

, T → 0.

In the quasi-classical limit h̄ → 0 from (6.1) we can
easily find:

E =
3
2
NT +

N(N − 1)
2V

ν0

− T

2

∑
q6=0

(
βN

V νq

)2
1 + βN

V νq

. (6.10)

This expression corresponds to the random phases ap-
proximation also for the partition function (5.19). When
arriving at it we took into account that at h̄→ 0 the val-
ue of E0 in (6.1) gets canceled together with the second
member in the square brackets of the third term since at
high temperatures the high values of q prove to be impor-
tant when αq → 1. The fourth term in expression (6.1) at
h̄→ 0 also tends to zero and from the last fifth term we

find a contribution taking into account that S0(q) → 1
and ∂S0(q)/∂β = 0 as can be seen from (6.7) and (6.9).
Finally, the first term in the square brackets of the sec-
ond term of the energy E is the energy of the ideal gas
(with the temperature dependence of the effective mass
m∗ being taken into account) and in the classical limit
it equals 3NT/2.

Hence, both at high and low temperatures our theory
yields correct limiting cases. That is why we can expect
good results also in the intermediate temperature do-
main.

VII. STRUCTURE FACTOR AND THE
POTENTIAL ENERGY

By definition the structure factor is the mean quadrat-
ic fluctuation of particles density:

S(q) =
∫
|ρq|2RN (x|x)dx∫
RN (x|x) dx

. (7.1)

For calculating this expression we will use the designa-
tion of the partiton function (3.2) with integration over
variables ρq (5.3) and we will write (7.1) as a functional
derivative:

S(q) = −2
δ ln ZN

δν∗q
, (7.2)

where the quantity ν∗q is defined by formula (5.18). By
means of expression (5.13) we will find from (7.2) that

S(q) =
S0(q)

1 + S0(q)
(
αq tanh [βE(q)/2]− tanh

[
βh̄2q2/4m∗

]) . (7.3)

At the temperature of absolute zero (T = 0 K) when ν∗q = (αq − 1), we have the expression which is yielded by
Bogoliubov’s theory [16,26]:

S(q) =
1
αq
. (7.4)

The classical limit h̄ → 0 in (7.3) also yields a well-known result for the structure factor in the random phase
approximation:

S(q) =
1

1 + βN
V νq

. (7.5)

We have one more illustration of the consistency of our theory.
Using formula (7.3) we find the mean value of the potential energy (2.5) calculated with the full Hamiltonian (1.1):

〈Φ〉H =
∫
R(x|x)Φ dx∫
R(x|x) dx

.
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Thus,

〈Φ〉H =
N(N − 1)

2V
ν0 +

N

2V

∑
q6=0

νq

[
S0(q)

1 + S0(q)
(
αq tanh [βE(q)/2]− tanh

[
βh̄2q2/4m∗

]) − 1

]
. (7.6)

In its turn, this expression makes it possible to calcu-
late the mean kinetic energy K as a difference of the full
energy (6.1) and (7.6):

K = E − 〈Φ〉H . (7.7)

VIII. EFFECTIVE MASS

As we have already mentioned in [19] a different
method was used to obtain a formula for the density ma-
trixRN (x′|x) as a product of the density matrix of the in-
teracting particles with the effective mass m∗ multiplied
by the factor PN (x′|x) which takes into account the in-
terparticle correlations. Moreover, both for PN (x′|x) and
form∗ an expression was found only in the limit T = 0 K.
The effective mass is determined by the following equa-
tion [19]:

m

m∗ = 1− 1
3N

∑
q6=0

(αq − 1)2

αq(αq + 1)
. (8.1)

It is curious that this result coincides with the expression
for the effective mass M∗ of the impurity atom moving
in the liquid 4He which we obtained in [29] using a com-
pletely different method

M

M∗ = 1− 1
3N

∑
q6=0

(αq − 1)2

αq

(
1 + αq

M
m

)
×

[
1−

(
1− M

m

)
1 + αq

M
m

]2

, (8.2)

should the atom of the impurity be taken as equal to
the mass m, i. e., to the mass of the 4He atom. Expres-
sion (8.1) with the square bracket replaced by one was
obtained independently in several studies [30–33].

The fact that the “analytical extension” of formula
(8.2) in the case when the impurity mass equals that
of the liquid atom takes us to expression (8.1) testifies
to a certain self-consistency of the theory [19]. The same
coincidence of effective masses as shown in [19] cannot
be expected at the temperatures not equaling zero. A
dependence between the effective mass of the impurity
M∗ on the temperature was studied in [34].

It is obvious that for high temperatures the role of
interatomic interaction decreases and m∗ → m when
β → 0. Let us consider this question in more detail. Let
the impurity atom of the mass M and the coordinate
R move in the liquid. The complete Hamiltonian of the
system “an atom plus liquid” consists of the sum of the
Hamiltonians of the liquid (1.1) plus the Hamiltonian of
the impurity

Hi =
Mv2

2
+
N

V
ν̄0 +

√
N

V

∑
q6=0

ν̄qe
iqRρq. (8.3)

Here the first term is the kinetic energy of the impurity
atom whose velocity equals v, the two other terms being
its potential energy of the pair interaction with the liquid
atoms with the Fourier ν̄q coefficient. As we consider a
classical system its partition factor Z and aditional ener-
gy ∆E to the full energy of the liquid (6.10) can be easily
found in the random phase approximation (see (5.19))

Z = ZNZi, (8.4)

where

Zi = V

(
M

2πβh̄2

)3/2

exp

{
− β

N

V
ν̄0

+
1

2N

∑
q6=0

(
βN

V ν̄q

)2
1 + βN

V νq

}
, (8.5)

and ZN can be found from formula (5.19);

∆E =
3
2
T +

N

V
ν̄0 −

T

2N

∑
q6=0

(
βN

V ν̄q

)2
1 + βN

V νq

− T

2N

∑
q6=0

(
βN

V ν̄q

1 + βN
V νq

)2

. (8.6)

Let us now introduce some effective Hamiltonian of
the system “an atom plus liquid” in which the mass of
the impurity atom is substituted by the effective mass
M∗, the interaction between the liquid particles νq is
substituted by ν̃q at q 6= 0 and the interaction between
the impurity atom and the liquid is absent. Constants ν0
and ν̄0 remain invariable at q = 0 as we are interested
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by the renormalization via fluctuation mechanism, when
q 6= 0. We will introduce the quantities M∗, ν̃q in the
way so that the thermodynamic function of the initial
system “an atom plus field” and the approximating mod-

el with the effective Hamiltonian should coincide in the
respective approximations. For the suggested model with
the effective Hamiltonian the partition function can be
found easily

Z = Z0
NV

(
M∗

2πβh̄2

)3/2

exp

[
− β

N(N − 1)
2V

ν0 − β
N

V
ν̄0

+
1
2

∑
q6=0

β
N

V
ν̃q −

1
2

∑
q6=0

ln
(

1 + β
N

V
ν̃q

)]
. (8.7)

Let us now compare expressions for the partition function of the initial system (8.4) and (8.5) and the model
system (8.7):

−3
2

ln
M

M∗ −
1
2

∑
q6=0

[
ln
(

1 + β
N

V
ν̃q

)
− β

N

V
ν̃q

]

=
1

2N

∑
q6=0

(
βN

V ν̄q

)2
1 + βN

V νq

− 1
2

∑
q6=0

[
ln
(

1 + β
N

V
νq

)
− β

N

V
νq

]
. (8.8)

Taking into account some arbitrariness in the desig-
nation of M∗ and ν̃q we will equate in (8.8) logarithmic
terms. As a result of this we will find the effective poten-
tial

ν̃q = νq +
βν̄2

q

V
(
1 + βN

V νq

)
and in the linear approximation the effective mass:

M

M∗ = 1− 1
3N

∑
q6=0

(
βN

V ν̄q

1 + βN
V νq

)2

. (8.9)

Let us now put in (8.9) that M = m, ν̄q = νq and find
an expression for the effective mass m∗ in the classical
limit h̄→ 0:

m

m∗ = 1− 1
3N

∑
q6=0

(
βN

V νq

1 + βN
V νq

)2

. (8.10)

Thus, formulae (8.1) and (8.10) determine the effec-
tive mass in the limiting cases T = 0 and h̄ → 0. One
can rewrite these two formulae using the liquid structure
factor S(q). At the absolute zero temperature from (8.1)

and (7.4) one can find

m

m∗ = 1− 1
3N

∑
q6=0

[S(q)− 1]2

S(q) + 1
, T = 0, (8.11)

and from (8.10), (7.5) the high-temperature limit is ob-
tained:

m

m∗ = 1− 1
3N

∑
q6=0

[S(q)− 1]2, T →∞. (8.12)

The above expressions might be “sewed together” numer-
ically and the temperature dependence of the effective
mass can be obtained. However, both of them are from
the source other than the presented paper. Although,
this is necessary at T = 0 as the mass m∗ at this condi-
tion just drops out from all the expressions, as seen from
(5.1).

To reach full self-consistency of our theory at T 6= 0 we
need to find the expression for m∗ within the considered
approach. One can demand, e. g., by means of special
selection of m∗, the expressions for the kinetic energy
(7.7) and that from 〈K〉 = −mdF/dm (following from
the know theorem about the derivation of the free energy
F by some parameter) or 〈K〉 calculated from the den-
sity matrix R(x′|x) from (5.1) to equal. It is clear that

238



A SELF-CONSISTENT THEORY OF LIQUID 4He

in the exact theory all these expressions coincide, but as
a consequence of the pair correlations approximation we
use here they differ. To reach the self-consistency of the
theory one can utilize the arbitrariness of the parameter
m∗ and choose it every time to obtain these formulae to
be equal for the kinetic energy at different temperatures.

Let us indicate one more way to determine m∗ via the
condition that the pair distribution function of 4He at ze-
ro interatomic distance should equal to zero due to hard
core in the interaction potential. Only the numerical cal-
culation can show how all the described approaches to
the determination of m∗ concord.

Therefore, if the liquid structure factor measured ex-
perimentally [35–38] is used as a source information,
the theory of liquid 4He proposed in this paper gives
the connection between the observable quantities in the
whole temperature interval, including the vicinity of λ-
transition. Such an approach was utilized by the author
in [39, 42] for the calculation of different physical prop-
erties of 4He near the absolute zero, T → 0 K.

I express my gratitude to my colleagues from the De-
partment for Theoretical Physics of the Lviv University,
especially to Andrij Rovenchak, for the discussions about
the results.

[1] K. Huang, Statistical Mechanics (Wiley, New-York,
1987).

[2] R. Brout, Phase Transitions (University of Brussels, New
York–Amsterdam, 1965).

[3] N. H. March, W. H. Young, S. Sampanthar, The Many-
Body Problem in Quantutum Mechanics (Cambridge
University Press, 1967).

[4] A. Isihara, Statistical Physics (Academic Press, New
York, 1971).

[5] H. E. Stenley, Introduction to Phase Transitions and
Critical Phenomena (Clarendon Press, Oxford, 1971).

[6] R. P. Feynman, Statistical Mechanics (W. A. Benjamin,
Reading, Mass., 1972).

[7] J. A. Lipa, D. R. Swanson, J. A. Nissen, T. C. P. Chui,
U. E. Israelsson, Phys. Rev. Lett. 76, 944 (1996).

[8] J. A. Lipa et al., Phys. Rev. Lett. 84, 4894 (2000).
[9] K. G. Wilson, J. Kogut, Phys. Rep. C 12, 75 (1974).

[10] I. S. Langer, Phys. Rev. 167, 183 (1968).
[11] I. A. Vakarchuk, Theor. Math. Phys. 35, 327 (1978); 36,

639 (1978).
[12] H. Kleinert, Phys. Rev. D 60, 085001 (1999).
[13] M. Campostrini, A. Pelissetto, P. Rossi, E. Vicari,

Phys. Rev. B 61, 5905 (2000).
[14] H. Kleinert, Phys. Lett. A 277, 205 (2000).
[15] F. London, Phys. Rev. 54, 947 (1938).
[16] N. N. Bogoliubov, J. Phys. (USSR) 9, 23 (1947).
[17] I. O. Vakarchuk, in: Scientific workshop on statistical the-

ory of condensed systems: Program and abstracts. Lviv,
March 14–15, 1997 (Lviv State University, Lviv, 1997),
p. 12.

[18] I. Vakarchuk, Quantum Mechanics (Lviv University
Press, Lviv, 1998) [in Ukrainian].

[19] I. O. Vakarchuk, J. Phys. Stud. (Lviv) 1, 25 (1996);
J. Phys. Stud. (Lviv) 1, 156 (1997).

[20] R. P. Feynman, Phys. Rev. 91, 1291, 1301 (1953).
[21] I. R. Yukhnovsky, Ukr. Fiz. Zhurn. 9, 703 (1964); 9, 827

(1964).
[22] D. N. Zubarev, Dokl. Akad. Nauk SSSR 95, 757 (1954).
[23] E. Feenberg, Ann. Phys. 70, 133 (1972).
[24] E. Y. C. Lu, Phys. Rev. A 5, 2244 (1972).
[25] I. O. Vakarchuk, Introduction into the Many-Body Prob-

lem (Lviv University Press, Lviv, 1999) [in Ukrainian].
[26] N. N. Bogoliubov, D. N. Zubarev, Zhurn. Eksp. Teor. Fiz.

28, 129 (1955) [Sov. Phys.–JETP 1, 83 (1955)].
[27] I. A. Vakarchuk, Theor. Math. Phys. 23, 496 (1975).
[28] I. A. Vakarchuk, Doctor Sci. Thesis (Institute for Theo-

retical Physics, Natl. Acad. Sci. Ukraine, Kiev, 1979).
[29] I. O. Vakarchuk, in: The impurity energy spectrum in

liquids. International school on the Physics of ionic so-
lution. Lviv, May, 30–June, 5, 1983, Abstracts (Kiev,
1983), p. 31.

[30] T. B. Davison, E. Feenberg, Phys. Rev. 178, 306 (1969).
[31] V. Slyusarev, M. O. Strzhemechnyi, Ukr. Fiz. Zhurn. 14,

453 (1969).
[32] C.-W. Woo, H.-T. Tan, W. E. Massey, Phys. Rev. Lett.

22, 278 (1969); Phys. Rev. 185, 287 (1969).
[33] J. C. Owen, Phys. Rev. B 23, 5815 (1981).
[34] I. O. Vakarchuk, V. V. Babin, J. Phys. Stud. 3, 468

(1999).
[35] E. K. Achter, L. Meyer, Phys. Rev. 188, 291 (1969).
[36] R. Hallock, Phys. Rev. A 5, 320 (1972).
[37] H. N. Robkoff, R. Hallock, Phys. Rev. B 24, 159 (1981).
[38] E. C. Svensson, V. F. Sears, A. D. B. Woods, P. Martel

Phys. Rev. B. 21, 3638 (1980).
[39] I. A. Vakarchuk, Theor. Math. Phys. 65, 1164 (1985);

80, 983 (1989); 82, 308 (1990).
[40] I. O. Vakarchuk, A. A. Rovenchak, V .V. Babin, J. Phys.

Stud. 4, 16 (2000).
[41] V. F. Sears, Phys. Rev. B 28, 5109 (1983).
[42] I. O. Vakarchuk, P. A. Hlushak, Ukr. Fiz. Zhurn. 41, 569

(1996).

239



I. O. VAKARCHUK

САМОУЗГОДЖЕНА ТЕОРIЯ РIДКОГО 4He

I. О. Вакарчук
Львiвський нацiональний унiверситет iменi Iвана Франка,

фiзичний факультет, кафедра теоретичної фiзики
вул. Драгоманова, 12, Львiв, 79005, Україна

Запропоновано новий метод розрахунку повної матрицi густини та термодинамiчних функцiй багато-
бозонної системи i знайдено їхнi явнi вирази в наближеннi парних кореляцiй для довiльних температур.
Теорiя є самоузгодженою в тому сенсi, що обчисленi фiзичнi величини при низьких температурах збiга-
ються з вiдповiдними виразами теорiї Боголюбова, а при високих температурах приводять до результатiв
теорiї класичного неiдеального газу в наближеннi хаотичних фаз i виявляють фазовий перехiд як наслiдок
бозе-айнштайнiвської конденсацiї, що здеформована мiжчастинковою взаємодiєю. Усi остаточнi формули
записанi лише через рiдинний структурний фактор, який береться як вихiдна iнформацiя замiсть потенцiя-
лу взаємодiї, i отже зв’язують мiж собою лише спостережуванi величини, що дає також змогу дослiджувати
таку сильнонеiднеальну систему, як рiдкий 4He.
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